£3 Haslc ifdentities

8o far most of our results have depended wvery little en alterna-
t{vity, and wers valid for arhitrnry linear algebras. MNow we starth
investigating propertics peculiar bo Lhe alternative case,

In addition tu”Lhe defining f{dentities, we will nked to know the

important Moufang idenvities for alternative algpebras o

{3.11 (xvx)z = x{y(xz)} (left Moufanp identity)

(3.2} ozlayk) = {{zx)yix (Ripht Moufang identity)
|

(3.3) x(yz)x = (xv)(zx) (Hiddle Moufang identity)

hese play at least as important a rele in the theory of alternative
alpebras as do the alternative laws themselves. Obgerve that they are
generalizations of the alternative laws in the sense that if we set

y = 1 in (3.1, (3.2), (3.3) we ger (1.1), (1.2), (1.3).

In operator notation these laws are

(3.1lep) =1 LE.L
Ay XYy X
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{3, 2op) '{x}rx Rx“}. I{K

{3.30p) VX = h Ry WE =R Lo
Xy X LA Zx X

In terms of assoclators, the Moufang identities correspond to the

huzping formulas

{3.1a) [%,v,2x] = xl[y,2,x%] (left bumping formula)

{3.2a) o Drpazaul = Ix,yazlx (Right bumping formula)




(3. 3a) [y,xg,z] = w[v,x,2] + [v,x,z)x (Middle bumping formula),

These give a method %nr hurmming a facter out of an associator for
shsorbing one into an asscciator), and they are easy to remember: in
the First twe, line the wvariables up with an x on each end, then hump
the unattached x outside; in the third, hump an X out on either side.
Rather than bother lining the variahles up, we can Tewrite left

and right bumping as

(3.1a") [v,2x,x] = x[y,2,%]
[ o | [x,xy,.2z] = [®,7,2]x
More penerally: in any associator of x,y,z with a factor x en y or =,

burp the factor % outside (leaving the other x and y,= alone) to the
left 4f % is a right factor or to the right if x is a left factor.
Examples: [x,zx,v] = x[x,2,¥), [x2,%] = [x,2,y]x, etec.

It's time to stop explaining these identities and start proving
themn., We first show all the Moufang and bumping formulas are eguivalent
in an alternative alpebra: (3.3)&Sr (3.1a)<=% (3.1), hence (3.3) =
(3.2a) &3 (3.2) by symmetry. TIndeed, (xy)(2x) = x{(yz2)x} = [x,v,zx]

+ wly(z) ) = x{(y=)=) = [x.y.2x] - x[y,2,x] = - [x,7x,y] - xlz,%,7]

{by alturnntivlty} = = [x(ex) Yy + x{lzx)y} = x{(=x)y} + x{z(xy)}] =

— (xex)y + xiz(xy) ) so that (xy){=x) - x{yz)}x vanishes identically 1ff
[x,v,zx] - x[y,7,%] vanishes identically iff (xzx)y - x{z{xy)} vanishes
{dentically.

To see that (3.1), say, is walid, observe [x,xy,y] = 0 since

{x(xy)ly - x{(xy)y} = {xzy]y - x[xyz} = x?yz - xzyz = 0 by alternativity;
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linearizing with resvect to v vields 0 = [x,xy,z] + [x,2z,y] =
~ [xy.el = [%,7.%2) (alternativity) = = [(xy)x}z + Gey)(xz) = (ev) (xz)
A xlylxz)} = w{y(xz)t = [({xy)xlz,

Finally, for tl.ﬁa} we linearize (3.1) in the form z[y,x,z] =
[#,¥,%x2] with respﬁ;r te z to geb z[y,x,x] + x[y,x,z] = [z.y,xz] A
[%,v,%z], which by alternativity is x[y,x,z] = [y,xz.z] + [,y 2]n =

[y,xz,z] - Iy,x,zlx. T

In addition to these versions of the Moufang identities wa will

need the following fundamental formulas
I

(3.4) I =LUR (Left fundamental formula)
x}' x }' x !

(% 5) U =PRUL {Pight fundamental formula)
=y ¥y ¥

(3.6) | U = 7 uu (tiddle fundamental fermulal
KYK Xy X

{The elemzent versions of these identities are not memorahlial) Te

establish the left fundamental formula,

{ny - Lxuyﬁx}z = (xy){z(xy)} - x(y{{z2)y])

[%,v,zlxvd] + =lvi{zlxv) 1) - x(y{(zx)y]))

I

(27,20 ] = xlylz,%x,¥])

]

[%,v,2(xy)] - x[y,z,xy] (left bumping)

= — [xv,y,2x] + (xy)[y,z,%x] (linearized left bumping)

o
kR

- (xyz}{zx) G ) {y(zx)} + (xy){{yzdx) = (uy){ylzx}]
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w'x{yzz}x + wfy(ve) Jx  (middle Moufang)
=0 {left altemmativity).

The tipht fundamental formula follows by symmetry, and topether these

imply the middle fundamental fermula:
] = TJ = Fl i‘{ " T{
bx{yx} xuyxnx Ix{ xuyix] *
= = ] [T
: {LxRx]Uy{LxRx} xuylx i

4s an application of Meufanpitdivity, let us define the peowers of

an glewent ¥ recursively by

J| }cn = 1, x.t = ¥, xﬂ+2 =1 3 .
W
(Hote xz = 111 = ¥ 11y Then L. =L, =1I,L =1, andL =
i ® N , o % Tk %! n+2
§ x X x
L n =LL L by left Moufang, so by induetion L _ = L” for all n.
¥X X X N x

We have the game result for the R's by right Moufang and the U's by

middle fundamental., Therefore we can strengthen alternativity L i

®
2 i
Lx‘ R 2 Rx to
(3.7) L =10, R =R, U =ul,
j#t ® gai X 2} =

| b x *®

This immediately implles power-associativity
' +
(1.8) Kw =
glnee X% = L L _1=1L" = A P 2 1= xn+m Alternately we
E xﬁ y‘m ® K w “IH'm (]

could prove (3.8) by induction on nim nsing middle Moufang: wox =
ey MLy (daduction on (3.8)) = Unfm."'lxm_'lj ) uxzx“'"““zj (by

&
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{nduction) = %

(by ldefinitiond.
Onece we have (3.8) we sce that any reasonahle definition of powers
leads ko the same vesulty for example, we eould have used the laft

. 1 n+1 n
powers defined by X = %, % = %x . We also sea that the subalgebra

@E%] generated hy é pinple element x is a conmutative' assocclative ﬁlgehra
{somorphic to the ordlinary polvacmlal ving in one wariable,

Once we have a reasonable notion of powers we can talk about 1dem—
potents amd nilpotents. An element e is idempotent if az =g trivially
0 and 1 are idempotents, anyihing else is a proper idempotent. Idempo-—
tenks are discusshd more fully in Chapter VII. An element z is nilpotent
if z' = 0 for some n, the smallest such n beinp thn.index of nilpotency,
An algebra is nil 1€ all its elements are nilpotent. These are discussed
in Chapter VI on radicals.

Formulas (3.13={3.6) are essentially all that we shall need to
develop the theory of alternative alpzbras., Since they are so useful,

and so rasily formulated, it is desirable to commit them to memory.

We rocapitulate:

Jordan Structure

(Left Moufang) nyx = LxL}rLx L 2 = Li (left alternative)
>
(Right MoutTang) nyx = RnRny B, = Ri (ipght alternative)

I

fiddle fundamental) 1 =171 . =1 (Middle fundamental)
Wy X 2

U
¥ =

U=—pperators

(Left fundamental) i) = LUR =RUL (Right fundamental)
xy Xy = ¥y RY




{(tiddle Youfnng) Ur{yz} = (vl (zx) Ux = Lxﬂx S RxLx (Middle altemmativa)
Asepnciators
[#,%,z] 1s an n]tﬂrnating.functinn of its arpuments
(Left bumping) [x,v,2x] = xly,z.x], [xv,z,x] = [%,v,2]x (Right bumping)

[¥s% s3] = xlys=,2] + ly,xslx (Middle bumping)

-

To be memorable, nnﬂidpntity must posses a pattern. Once you se@ a
pattern you can memorize the pattern. One thing which makes for a
simple pattern is symmetry. The identities on Jordan structure are
highly symmetric, and consequently easy to remember: L of 2 Jordan
product (be it xz Fr xyx) is that Jordan praduct af the L's, and the
same for B and !, To see a pattern In the U operator identities, vead

them as 11, =L UR, f.e, L (sometimes L{x) for typopraphical
L=}y ¥ OX ® :

reasons) can be moved outside of a U eperator il we pul lts opposite

B on the ripght, simllarly in U = R UL we can more an R oukside
* H S YRy ¥

on the left, at the same time putting an L:Ir on the right.
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Exercisrs

Linearize the left, right, and middle Moufang formulas.

In sn alternative alpehra show xe[x,y,2] = [®X%ey,z] and

[x, [=x,y,2]1] = [x [yl 2],

If we let U = - U =1 denote the linearization of the 1
Ha D = b 2 {

operator, lincarize (3.4) in x.  Set z = 1 in the linearized ver-

sion 3 show the resulting identicy {acting on zn element w) could

be derived directly from the Moufang formulas.

TLincarlze the Middle Moufang formula frem x to x, w, then set

w= 1, Write this as an operator identity acting on =} on y; on =.

2

2
Show U1 = x ,JUxx = x> (= xzx = xxz}. Find ways of rewriting (xy)™
-

Gyt G

Prove [xz.x;Fj = 0 in an alternative alpgebra. Prove fyﬂﬂmaﬂjz O

Prove UU ~T U =1 R =1 U
Fiy Yy = ¥R Y Y E¥¥

=1 . = {U -1
oY R W HYy,x ¥

L?U' ] dn an alternatlive algebra.

WY K

An element = 1s txrivial Ii.t Uz = ), 17 =z is trivial show 7 15 nil-

potent; show any %z or ‘zx 1s trivial too. What abaout zu?
An element % is repular if x &= Im Ux' i.8, == UHy for some ¥.
Show ¥ can be chosen so that aleo v = ny. Show any idempotent ds
repular.

. nt+l n
Prove power associativity (5.8) using left powers x = WK,

If o is 1dempotent show LF, Rn, UE are too; if z is nilpotent show

Lo B0 are.
b = z
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